
X-ray measurement of near surface residual stress in
textured cold-worked stress-relieved Zr–2.5%Nb pressure

tube material

K. Kapoor *, D. Lahiri, C. Padmaprabu, T. Sanyal

Advanced Materials Characterizations Laboratory, Nuclear Fuel Complex, Hyderabad 500 062, India

Received 17 December 2001; accepted 5 March 2002

Abstract

In the present study, the near surface residual stress in Zr–2.5%Nb pressure tubes was measured using X-ray dif-

fraction. Both cold rolled (pilgered) and stress-relieved tubes were studied. Since the material is highly textured and the

hexagonal close packed crystal lattice has anisotropic elastic constants, special care is required in collection and analysis

of experimental data to minimise errors. The standard multi-exposure technique of X-ray residual-stress measurement

results in inaccuracies for textured material. Diffraction intensities depend on factors like inclination of the sample, the

rotation of the beam and the position of detectors. Low intensity due to texture can result in increased uncertainties in

observed stress value. Anisotropy of elastic constants in textured materials can further increase the errors in measured

stress. A general approach has been developed for accurate determination of the stress tensor in textured material. The

measured stresses for Zr–2.5%Nb pressure tubes were highest and compressive along the rolling direction (RD) in the

pilgered samples. The stress-relieved samples showed a small tensile component along the RD. Errors up to 20% are

introduced if isotropic elastic constants are used in the analysis instead of the more realistic anisotropic elastic constants

calculated for the observed texture. � 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Pressurized Heavy Water Reactors (PHWR) use

zirconium base alloys due to their low neutron absorp-

tion cross-section, good elevated temperature mechani-

cal strength, low irradiation creep and high corrosion

resistance in reactor atmosphere. Zr–2.5wt%Nb alloy

(hereafter called Zr–2.5Nb), currently used for pressure

tubes, has replaced Zircaloy-2 due to its better physical

and mechanical properties leading to increased life in the

reactor. High residual stresses are generated in fabri-

cated components of Zr–2.5Nb alloy during mechanical

and thermal treatments because of highly anisotropic

hexagonal closed packed (HCP) structure of the zirco-

nium. These stresses play an important role in subse-

quent deformation and help in determining the radiation

stability of the reactor core components. Harde and

Shanahan [1] found that residual stresses have a pro-

nounced effect on hydride reorientation in Zr–2.5Nb

tube material. Residual stress variation with depth leads

to zoning of hydrides, i.e., separate zones of differently

oriented hydrides are formed through the thickness de-

pending on the periodic variation of stress (tensile and

compressive). Since hydrides are brittle in nature, they

can get reoriented at stress concentration regions like

roll joints and initiate cracking. The characterization of

residual stress is thus very important for Zr–2.5Nb nu-

clear reactor components. X-ray residual stress mea-

surement method is used to characterize Zr–2.5Nb

samples.

The surface residual stresses are usually measured

using the multi-exposure side-inclination technique. In

this technique the peak mid position is measured by

curve fitting (Gaussian/Pearson IV). The shift in the

peak position is determined as a function of change in
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inclination angles (Fig. 1). The residual stress is deter-

mined using the following relationship:

r/ ¼ �fðE=2Þð1þ mÞg cot hdðD2hÞ=dðsin2 WÞ; ð1Þ

where r/ is the stress in the direction /, E is elastic

modulus and m is poisson’s ratio, W is the inclination

angle measured in direction / and h is the Bragg’s dif-

fraction angle and D2h is the shift in the Bragg’s angle

due to change in lattice spacing measured at given W and

/.
These stresses are then measured in the three rotation

angles using bulk elastic constants and then principal

stresses are determined.

For the isotropic materials the ‘crystal lattice spacing

(d)’ varies linearly with ‘sin2 w’ (w is the inclination angle

of the X-ray), whereas, in the case of textured materials

like zirconium-based alloys, the variation is non-linear.

This is due to the anisotropy of the material including

elastic constants and the broader diffraction peaks with

low intensity. In 1975, Marion and Cohen [2] first tried

to correct these texture induced curvature with the aid of

the crystal concentration data obtained from pole fig-

ures. Their method assumes a biaxial stress field with an

additional dependence of lattice spacing on the texture

distribution function f ðwÞ, a measure of the (hk l) pole
density calculated from diffracted intensity over the

range of w tilts used for stress measurement. The model

assumes a lattice spacing dependence of

dw/ ¼ fð1þ mÞ=Egðh k lÞr/do sin
2 w

þ ðdmax � dBÞf ðwÞ þ dB; ð2Þ

where / is the angle of rotation,wis angle of inclination,
dw/ is lattice spacing for given /- and w- values, dmax and

dB are maximum and minimum lattice spacings in the

range investigated, E is Young’s modulus, m is Poisson’s

ratio, (hk lÞ is crystallographic plane for which d is

measured and r/ is residual stress in / direction.

This method requires simultaneous determination of

the preferred orientation, or texture f ðwÞ, in the sample

along with the lattice spacing. This is solved by multiple

linear regression over the functions f ðwÞ and dw/ as a

functions of sin2 w to determine d/, dmax and dB.
Hauk and Sesemann [3] found that in steels two

texture independent directions occur in which the lattice

strain is isotropic or quasi-isotropic. These two w-values
were used to get linear relationship between the strain

and sin2 w. Methods described in references [2] and [3]

assume a quasi-isotropic system whereby, the elastic

interaction or coupling between the grains and its sur-

rounding matrix is not considered [4].

In a study by Gazzara [4] direct experimental method

were used to correct the X-ray residual stress measure-

ments for the effect of texture in rolled steel plates. A

series of intensity and 2h vs. sin2 w plots were made, over

the range of w0;a angles for constant a-values. The first

four plots showed a non-linear relationship between

sin2 w and 2h or d while the plot at a ¼ 42� showed a

linear relationship. It was concluded that a texture in-

dependent path is achieved for the side inclining case

ða ¼ 42�Þ for (2 1 1) reflections. Correct values of resid-
ual stress could be achieved at this particular side in-

clination by using the d-spacing at a ¼ 42� with stress

free sample as the do. But, in this study, the directional

elastic constants were not been calculated for measuring

residual stress, though the material was textured. Prob-

ably, as this material was cubic, the effect may not be

significant.

In case of evaluation of residual stress in textured

cubic material (low carbon steel) by Dolle and Cohen [5]

six anisotropic elastic constants were found by calcula-

tion. These were found through interpretation of actual

texture in terms of ideal components. Results show a

quantitative agreement with the observed oscillation to

steel in (2 1 1) reflection by CrKa radiation. It has also

been shown that X-ray elastic constant for {h 0 0} and

{h hh} reflections are independent of / and w in case of

cubic materials. Measurement done on (2 0 0) and (2 1 1)

plane with three directions, RD, 60� to RD and TD,

shows linear relation between lattice strain and sin2 w
excepting the reflection from (2 1 1) plane in RD. It is

further mentioned that the similar type of quasi-isotropic

plane in hexagonal system is {0 0 0 h} set of planes. But,

this limits the measurement with only one set of planes,

which is not always a viable option.

Residual stress in Zircaloy-2 with rod texture was

calculated by Turner and Tome [6] and by MacEwen

and Tome [7] using ‘elasto-plastic self-consistence model

(EPSC)’ [8,9], which accounts for grain interaction.

Their results were in good quantitative agreement with

experimental determination of residual strain obtained

by neutron diffraction. The EPSC model was used by

Pang et. al. [10] for analysis of residual stress in uniaxial

and biaxial tension loading condition of Zircaloy-2 with

rod texture.

In 1989, MacEwen et al. [11] used ‘QUEST’, a

polycrystalline deformation model, for calculating the

Fig. 1. Vector diagram indicating variation of lattice spacing d

with change in inclination angle for stressed and stress free

conditions.
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residual stress in annealed Zircaloy. This model ac-

counts for anisotropic elasticity, plasticity, thermal ex-

pansion and crystallographic texture of the samples. The

input requires texture data of the sample in terms of

number of grain orientation together with correspond-

ing weights. But this model assumes no plastic relax-

ation in the material and there is 10% difference between

the predicted and experimental results.

According to MacEwen et al. [12], interpretation of

the diffraction data is greatly simplified by sharp axi-

symmetric texture in the material, like rod texture in

Zircaloy-2. In idealized rod texture every grain has its

basal pole orthogonal to the axis of the rod. Since a-Zr is
almost isotropic plastically in the basal plane, the vari-

ation of residual strain from grain to grain within a

given subset will be small. Thus, the data can be inter-

preted in terms of the residual stress state in a single

orientation of grains. Reasonable agreement was ob-

served between prediction based on Taylor’s analysis

following this approach and experimental measure-

ments. The exact texture of the material in the study is

not well illustrated to effectively describe the effect of

texture.

Sue [13] measured the X-ray elastic constants for

(4 2 2) and (3 3 3)/(5 1 1) reflections of the {1 1 1} textured

TiN coating exhibiting high elastic anisotropy. X-ray

elastic constants varied significantly with crystallo-

graphic orientation. The residual stresses for both the

reflections of TiN, which were determined by ‘sin2 w’
method, with measured X-ray elastic constants were in

good comparison with the RS values determined by bi-

metal reflection technique.

As seen above direct application of Eq. (1) in a tex-

tured material leads to errors. In our study on textured

material we have adopted an approach where residual

stress measurement is done along some texture inde-

pendent paths. Texture independent path is an angular

inclination in the measuring direction with respect to the

sample co-ordinate system for which intensity of the

peaks will be same in the two detectors for all the w tilts

of the beam.

In the present study we have determined the correct

inclination angles leading to texture independent mea-

surement paths for calculation of residual stress and the

three stress measurement directions (required for prin-

cipal stress). This was obtained by superimposing the

Wulff net on (10.3) pole figure and choosing the proper

inclination angles having good intensity peaks. Zara-

kades and Larson [14] established that moderately ac-

curate predictions of elastic anisotropy can be made for

polycrystalline aggregates with elementary textures and

that the ‘constant stress model (CSM)’ is adequate for

describing the behaviour patterns of elastic properties of

titanium sheet material. Directional elastic constants for

the polycrystalline material were calculated from single

crystal elastic constant data for HCP zirconium and

(00.2) pole figure of the sample using the CSM. These

directional elastic constants were used for calculating the

residual stress in the three specific directions. It has also

been noticed that there is substantial difference in

residual stress values calculated by directional elastic

constants from those calculated from bulk constants.

This justifies the need to use the elastic constant calcu-

lated from the CSM.

2. Experimental procedure

2.1. Texture determination

For quantitative texture measurement Rigaku Dmax

2000 X-ray diffractometer was used. The equipment is

fitted with a horizontal goniometer for texture mea-

surement. Cu Kaðk ¼ 1:54 �AAÞ radiation was used as the

X-ray source (40 kV, 30 mA with Ni filter).

Pole figures of (00.2) and (10.3) were recorded and

used for elastic modulus and residual stress determina-

tion respectively. To obtain the pole figures, a specimen

with dimension 12 mm width� 25 mm length was cut

from the tube material. The length direction was parallel

to the tube RD and the tube normal (thickness) direc-

tion was parallel to the sample surface normal. To pre-

pare specimen for reflection geometry, the tube outside

surface was ground flat, polished and etched. The sam-

ple was irradiated with X-rays on this surface. In such a

configuration, the tube normal direction is the center of

the pole figure.

Schultz reflection technique was used [15] to get the

pole figure. In reflection technique source and the de-

tector were kept such that both were facing same side of

the specimen surface. A schematic sketch is shown in

Fig. 2. It uses an optical focusing system for the align-

ments and axis A is aligned orthogonal to the gonio-

meter axis. a rotation refers to rotation of specimen

around axis A, b rotation refers to rotation around axis

B. c oscillation represents reciprocating motion in the

specimen plane which is at an angle of 45� with respect

to axis A.

The X-ray diffraction data were collected in the range

of tilt angle from 20� to 90�. The rotation and tilt angles

were coupled in such a way that for every tilt of 5� about
tube RD rotation of 360� about tube normal direction

was given to the sample. The goniometer was aligned

such that the Bragg diffraction condition for (10.3) plane

was always maintained.

The raw data were processed for smoothening and

background elimination. Also the necessary slits sizes

(divergence, scattering and receiving) for this system to

get optimum X-ray intensity were standardised. The

processed data were plotted as stereographic projection

called pole figure showing the preferred orientation of a

given plane in the tube rolling and tangential directions.
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The equipment is fully automated using a micropro-

cessor-controlled goniometer along with the driver and

processing softwares to handle above operations and to

carry out necessary data processing.

2.2. Residual stress measurement

2.2.1. Equipment

The residual stress was measured using the Stress

Tech X-Stress 3000 equipment. The equipment consists

of a goniometer with an X-ray source and a compact

high voltage cum cooling system. The probe used was

TiKa X-ray radiation, with two position sensitive de-

tectors for obtaining the full X-ray diffracted peak in one

exposure. The goniometer is capable of giving inclina-

tion, rotation and vertical movements. Fig. 1 gives the

functional diagram of the measurement principle. As

seen (case ‘A’) in stress free sample, with variation in

inclination angle (w) the d-spacing will be constant.

When stress is present (case ‘B’) the d-spacing varies as di
in the figure.

2.2.2. Modified procedure for textured material

The residual stress was determined for as-received

material (without electro polishing); the surface finish

was sufficient for the measurement of both cold-worked,

and stress-relieved tubes (Table 1). For zirconium, (10.3)

plane (2h ¼ 139:82� with TiKa) was taken for the

measurements. A minimum of five inclination angles (in

each positive and negative) is required to get good cor-

relation. For calibration purposes, a stress free zirco-

nium powder sample was used.

In the case of textured materials for some specific

combination of /- and w-values, we get very high in-

tensity in one of the detectors and low in the other. The

basis of the stress measurement is precise determination

of the peak position. For cases where we get lower in-

tensity it is very difficult to find the exact position of the

peak maxima. The following procedures have been used

to reduce the error.

(a) Find specific combination of /s and ws for which the

height and nature of the intensity peaks are similar

Fig. 2. Functional diagram of Schultz reflection geometry.

Table 1

Procedure adopted for residual stress determination of textured Zr–2.5%Nb alloy pressure tubes

(1) Calibration of the measurement distance (between collemeter tip and sample surface) was performed with zirconium powder

sample using X-ray with titanium target. The stress measured in the powder sample was nearly zero.

(2) Tube samples were positioned such that the X-ray collimator tip was at the top of the curved surface.

(3) Detectors are set for the exact Bragg angle 2h ¼ 139:8� for the plane (10.3).

(4) Selecting rotation angle / as 0�, 70� and 90� based on texture pole figure.

(5) Selecting inclination angle w at nine positions at equal intervals between 	45� from pole figure.

(6) Data for young’s modulus and Poisson’s ratio, calculated using ’constant stress model’. Lattice parameters for zirconium,

wavelength ðkÞ of the Ti from JCPDS.

(7) Measurement with exposure time at each w as 50 s, use the directional elastic constants (as calculated above) for the chosen

rotation angles.

(8) Calculation of principal stresses.

(9) Calculation of compete stress tensors by Hauk-Dolle method.
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in both the detectors. Disable inclination angles

where variations are pronounced.

(b) Calculate the directional elastic constant used for

the bulk polycrystalline samples (Table 2) using

the CSM [5] given in Appendix A.

In the present study, the orientations of the different

sets of planes, on which lattice strain was measured,

were indexed on a Wulff net. For the interpretation of

the effect of crystallographic texture on the peak inten-

sity, the corresponding pole figures were superimposed

with peak intensity of stress measurements as shown in

Figs. 3–5 for all the samples. It is seen that the u di-

rections selected for the measurement of stress are nearly

texture independent. Hence the error in the reported

stress values is minimum.

3. Results and discussion

The elastic constants, calculated for the three stress

measurement directions, are given in Table 2. The

measured stresses in the three directions are given in

Table 3. The Dolle–Hauk [17] method was used for

determination of full stress distribution (normal, shear

in the three orthogonal directions). The stress tensor

calculated using the Hauk–Dolle method described in

Appendix B is given in Table 4. The principal stresses

and directions calculated from the measured stresses are

given in Table 5. For the comparison purpose principal

stresses are calculated both with directional and bulk

elastic constant. The bulk elastic constants are the stan-

dard characteristic elastic modulus values of Zr–2.5Nb

alloy without any texture.

As reported by Gazzara [3], texture independent

paths for residual stress can be found by superimposing

the angles used for residual stress measurement on the

pole figure. There are certain a (where a ¼ 180�� 2h)

values for which the line drawn with varying w-values
goes through almost uniform intensity region. For these

as the measurement of residual stress bears a linear

correlation between d and sin2 w as the intensity peaks

are high and uniform, it increases the accuracy level in

determination of D2h and hence d. In the present case

the near texture independent directions were selected

and the stress were calculated using the direction de-

pendent elastic constants calculated from the crystal

orientation. Figs. 3–5 shows the pole figure for the (10.3)

pole superimposed with the X-ray peak intensity ob-

tained from the residual stress measurement for all the

samples. The three selected measuring directions i.e. 0�,
70� and 90� are near texture independent for both the

detectors. Use of inclination angles beyond 45� leads to
pronounced texture effect with low intensity peaks. In-

tensity difference between the two detectors was >25

units when measured along undesirable angles e.g.,

/ ¼ 40�. The procedure used for residual stress mea-

surement of textured Zr–2.5Nb material is given in

Table 1.

Peak maxima could be more precisely determined

in case of sharp peaks than the broader ones and this

gives rise to more accurate determination of residual

stresses. In the present study, the peaks are sharper i.e.

lower full width half maxima (FWHM) in case of the

Table 2

Directional elastic constants of polycrystalline material

Elastic constants Directions

RD 70� to RD TD

Young’s modulus, E (GPa) 98.79 94.65 99.25

Poisson’s ratio ðmÞ 0.258 0.293 0.259

Table 3

Measured surface residual stresses (in Mpa)

Angle of rotation ð/Þ As-pilgered Autoclaved

0� �155:0	 20:9 13:7	 9:0
70� �56:8	 30:9 �26:4	 9:8

90� �41:8	 25:6 �35:3	 9:0

Table 4

Tensor components calculated by Hauk–Dolle method (in

MPa)

Stress components As-pilgered Autoclaved

r11 �114:0	 15:8 10:4	 6:8

r22 �40:2	 7:0 �33:8	 3:7

r33 0:0	 0:0 0:0	 0:0

r12 0:0	 0:0 0:0	 0:0
r13 8:0	 2:1 �7:3	 1:2

r23 13:7	 9:4 18:7	 1:8

Table 5

Calculation of principal stresses and directions (in MPa)

Stress values and direction With directional elastic constants With bulk elastic constants

As-pilgered Autoclaved As-pilgered Autoclaved

r1 �41.73 14.20 �35.06 13.34

r2 �155.07 �35.3 �118.2 �31.26

/ ð�Þ �2.4325 �16.38 �76 �13
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stress-relieved materials as shown in Table 6. Hence,

stresses calculated for autoclaved material are more

accurate.

The stress is highest and compressive in nature along

RD of the as cold-worked tube. In transverse direction

(TD), the stress is low and still compressive in nature. In

the autoclaved tube stress largely reduces in the RD and

the component is tensile and very low in magnitude.

Also in this case stresses are nearly symmetric in all the

directions.

Principal stress direction in both the cases are along

with the tube symmetric axis. There is a difference of

20% in the major principal stress values calculated using

bulk elastic constant and the directional elastic constants

obtained using the CSM (Table 5).

A full tensor analysis is done using Hauk-Dolle

method [17]. The stress values show that the normal

stress directions exactly match with the sample direc-

tions, i.e., RD is parallel to r11 and TD to r22 as the

principal stresses. In the cold-worked tube, normal

stresses, especially r11 are high and compressive in na-

ture, after autoclaving r11 changes to a low tensile value.

Due to low depth of penetration of the beam measure-

ment was done on a very thin surface layer hence r33 is

turnout to be ‘0’ in both the cases. Shear stress values are

also very low in pilgered and autoclaved tubes. The yield

strength (YS) of this material is 
385 MPa, hence the

normal and shear stress determined in this material are

less than 10% of the YS.

The only approximation adopted in the whole study

is in the constant stress model used for calculation of

directional elastic constants. The model assumes that the

grains within a polycrystalline aggregate are stressed

uniformly, which is not completely valid, for there must

Fig. 3. Intensity of peaks during residual stress superimposed

on (10.3) pole figure for / ¼ 0� (a) As-pilgered sample and (b)

Autoclaved sample. Scale of intensity levels: see Fig. 5.

Fig. 4. Intensity of peaks during residual stress superimposed

on (10.3) pole figure for / ¼ 70� (a) as-pilgered sample and (b)

autoclaved sample. Scale of intensity levels: see Fig. 5.
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be a discontinuity in stress at or near the grain boundary

of adjacent grains that have different orientations. But

error from this source decreases with the development of

a strong texture due to smaller misorientation between

the adjacent grains. As in the present case the texture is

very strong this limitation is not applicable.

4. Conclusions

Accurate measurement of X-ray residual stress in the

textured Zr–2.5Nb requires a thorough knowledge of

texture in the material. The correct measurement direc-

tions are selected from the pole figure of the measuring

plane (10.3). The 0�, 70� and 90� to RD are the texture

independent direction for this material. The direction

dependent elastic constants are deduced from the single

crystal data with the (00.2) pole figure. After measuring

the stress in three directions, the full tensor and the

principal stresses were evaluated. Cold-worked material

had the principal residual stress components (compres-

sive in nature) along rolling and transverse directions of

the tube, autoclaving leads to reduction of stress to less

than 10% of YS, and reorientation of the stress com-

ponents. Shear stresses are found to be very low in both

the cases.
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Appendix A. Calculation of directional elastic constants

using ‘constant stress model’ [5]

The constant stress model uses two matrices namely I

& II for determining the directional elastic constants,

which transforms the orientation of polycrystalline tex-

ture in terms of specimen axis. The matrices are defined

as follows:

Matrix-I

X Y Z
X 0 cosx sinb cos b sinx sinb
Y 0 cosx cos b � sin b sinx cosb
Z 0 � sinx 0 cosx

Matrix-II

X Y Z
X 0 I1 m1 n1
Y 0 I2 m2 n2
Z 0 I3 m3 n3

Here, b is the angle between the RD and the specimen

axis, x is the angle between the basal pole and the tube

normal. X 0 is the RD, Y 0 is the transverse direction and

Z 0 is the tube normal direction. X, Y and Z are the

Fig. 5. Intensity of peaks during esidual stress superimposed on

(10.3) pole figure for / ¼ 90� (a) as-pilgered sample and (b)

autoclaved sample.

Table 6

Full width half maxima (FWHM) of peaks in as cold-worked

and stress-relieved samples

Direction of measurement Full width half maxima (nm)

As-pilgered Autoclaved

RD 3.46 1.38

70� to RD 3.19 1.35

TD 2.76 1.36
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coordinates of texture and Z coincides with the maxi-

mum intensity of the basal pole.

The single crystal elastic constants given in Table 7

[16] are used to calculate the values of the directional

elastic constants, using the (00.2) pole figure (Fig. 6) and

the following equations. The results are reported in

Table 2.

For Young’s modulus,

1=E ¼ S0
11 ¼ S33 þ ð1� n21ÞðS11 � S33Þ

� n21ð1� n21ÞðS11 þ S33 � 2S13 � S44Þ: ðA:1Þ

For Poisson’s ratio,

m ¼ S0
12=S

0
11

¼ �fS13 þ n23ðS12 � S13Þ þ n21n
2
2ðS11 þ S33 � 2S13 � S44Þg

=fS33 þ ð1� n21ÞðS11 � S33Þ � n21ð1� n21Þ
� ðS11 þ S33 � 2S13 � S44Þg: ðA:2Þ

Appendix B. Calculation of stress tensor based on Hauk–

Dolle method [17]

In Fig. 7, Si defines the surface co-ordinate system of

the specimen with S1 and S2 lying in the sample surface.

The laboratory system Li is defined such that L3 is in the

direction normal to the family of planes (hk l) whose

spacing is measured by X-rays. L2 is in the plane defined

by S1 and S2 and makes an angle / with S2.

The fundamental equation to determine strain by

Dolle-Hauk method is

ðe033Þ/w ¼ e11 cos
2 / sin2 w þ e12 sin 2/ sin2 w

þ e22 sin
2 / sin2 w þ e33 cos

2 w

þ e13 cos/ sin 2w þ e33 sin/ sin 2w: ðB:1Þ

It is a linear equation with six unknowns, e11, e12, e22, e33,
e13, e23, and may be solved if d/w is measured at mini-

mum six independent directions separately. In practice,

measurement was done at more points to improve the

accuracy. The solution of the Eq. (B.1) was done by

Hauk–Dolle method as described below:

Two parameters a1 and a2 was defined as

a1 ¼ 1=2½e/wþ þ e/w�
¼ fðd/wþ þ d/w�Þ=2do � 1g

¼ fe11 cos2 / þ e12 sin 2/ þ e22 sin
2 / � e33g

sin2 w þ e33; ðB:2Þ

a2 ¼ 1=2½e/wþ � e/w� ¼ ðd/wþ � d/w�Þ=2do
¼ fe13 cos/ þ e23 sin/g sin j2wj; ðB:3Þ

where, w� ¼ ð�1Þwþ and sin 2wþ � sin 2w� ¼ 2 sin j2wj.
Eq. (B.2) predicts a linear variation of a1 with sin2 w

with the slope and intercept given by

ðm/Þa1 ¼ e11 cos
2 / þ e12 sin 2/ þ e22 sin

2 / � e33; ðB:4Þ

ðIÞa1 ¼ e33: ðB:5Þ

Similarly, a2 varies linearly with sin j2wj. The slope in

this case is,

Table 7

Elastic constants of HCP zirconium single crystal

Elastic

stiffness

105 MPa Elastic

compliances

10�5 MPa�1

C11 1.434 S11 1.012

C12 0.728 S12 �0.404

C13 0.653 S13 �0.241

C33 1.648 S33 0.798

C44 0.320 S44 3.125

Fig. 6. (00.2) Pole figure of pilgered and autoclaved tube.

Fig. 7. The definition of the laboratory coordinate system Li,

sample coordinate system Si, and the angles /, w.
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ðm/Þa2 ¼ e13 cos/ þ e23 sin/: ðB:6Þ

Thus, if d/w data is obtained over a range 	w at three /
tilts (0�, 45�, 90�Þ, and a1 vs. sin

2 w and a2 vs. sin j2wj are
plotted for all w, the quantities e11 � e33, 1=2ðe11 þ
2e12 þ e22 � 2e33Þ and ðe22 � e33Þ could be obtained from

Eq. (B.4) (at / ¼ 0�, 45� and 90� respectively). The in-

tercept of a1 vs. sin
2 w is equal to e33 at all w tilt from Eq.

(B.5). Similarly, the slope of a2 vs. sin j2wj for / ¼ 0�,
90� calculates the quantities e13 and e23.
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